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ABSTRACT: The Nakamura equation is used to model the
crystallization kinetics of syndiotactic polystyrene. Model
constants are generated by fitting available data under iso-
thermal conditions. The resulting fit is then applied to avail-
able data under constant-cooling-rate conditions, with nota-
ble agreement provided the measurements include correc-

tions for thermal lag. © 2003 Wiley Periodicals, Inc. J Appl Polym
Sci 91: 2402–2406, 2004
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INTRODUCTION

Syndiotactic polystyrene (sPS), a fairly recently devel-
oped polymer1,2 which exhibits enhanced properties
and excellent processibility, has been receiving consid-
erable attention. In the present article, consideration is
given to available cumulative data concerning the
crystallization kinetics of sPS under isothermal3–7 as
well as nonisothermal4,7–10 conditions. Making use of
the Nakamura11 model, which includes the Avrami12

limit (under isothermal conditions) and the Ozawa13

limit (under constant-cooling/heating-rate condi-
tions), a correlation is developed which describes the
cumulative data very well and clearly demonstrates
the need to correct for thermal lag in the case of
nonisothermal DSC measurements at high cooling/
heating rate.

KINETICS MODELING

Under isothermal conditions, the time-dependent rel-
ative crystallinity according to the Avrami12 model is
given by

� � 1 � exp��k�T�tn� (1)

where k(T) is the temperature-dependent Avrami rate
constant and n is the Avrami index, typically lying
between 2 and 4. Analogously, the Ozawa13 model for
the case of constant cooling rate is given by

� � 1 � exp��
��T�

�n � (2)

where �(T) is the Ozawa rate constant and � � �dT/dt
is the constant cooling rate.

More generally, for the case of arbitrary thermal
history, the Nakamura11 model is given by

� � 1 � exp����
0

t

K�T�dt�n� (3)

In particular, (3) is seen to reduce to (1) under isother-
mal conditions provided that

Kn�T� � k�T� (4)

whereas (3) reduces to (2) under constant cooling rate,
when

dt � �
dT
�

(5)

provided that

��
T

Ti

K�T̃�dT̃� n

� ��T� (6)

where Ti denotes the initial temperature taken suffi-
ciently high above the melting temperature, Tm, where
the rate constant is vanishingly small.

In dealing with the above models, it is convenient to
introduce the following variables:14
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��T� � k�1/n�T� � K�1�T� (7)

and

��T� � �1/n�T� (8)

Accordingly, from (6), (7), and (8), it follows that

��T� � �
T

Ti dT̃

��T̃�
(9)

where �(T) is the characteristic time of the kinetics.
In modeling the temperature dependence of the

various parameters above, one might follow Sifleet et
al.,15 who used a quadratic fit for ln[k(T)]. Equiva-
lently, Ziabicki16 employed a Gaussian functional
form for k(T) itself. By using the latter representation,
as applied to �(T) in (7), we set

��T� � �minexp��T � Tmin

D �2� (10)

where �min, Tmin, and D are model constants. It is
noted that (10) has been employed previously17 under
more general conditions, namely the injection mold-
ing of isotactic polypropylene, where Tmin has been
taken to be pressure dependent and D has been taken
to be dependent upon the flow-induced shear stress.

Making use of (9) and (10), it then follows that

��T� �
D

�min
�̃��� (11)

where

� �
T � Tmin

D (12)

and

�̃��� � �
�

�

e�u2du �
		

2 erfc��� (13)

That is, (11)–(13) define the Ozawa rate constant in (2,
8) once the (�min, Tmin, D) parameters in (10), defining
the Avrami rate constant in (1, 7), have been deter-
mined. It is noted that �(T) had been generated from
�(T) elsewhere14 by numerically solving a first-order
differential equation. Based on (11)–(13), �(T) has now
been determined from �(T) in terms of a closed-form
relation.

ISOTHERMAL-CRYSTALLIZATION RESULTS

Listed in Table I are available experimental results
from the literature3–7 relating to the crystallization of
sPS under isothermal conditions. All these bulk-crys-
tallization results are based upon differential scanning
calorimetry (DSC). In two instances,3,4 it is noted that
cold-crystallization results have also been obtained,
involving a thermal quench to below the glass-transi-
tion temperature (Tg) before quickly raising the tem-
perature to the particular level of interest (such as
125–140°C in the case of Cimmino et al.3). The last
column in Table I indicates the reduced experimental
values for the Avrami index, n in (1), which is seen to
typically lie in the range between 2 and 4, although
anomalously lower in the case of Chen et al.7 and
somewhat higher in Chiu et al.5

Making use of the isothermal crystallization data3–7

in terms of t1/2(T), namely the time at which � � 0.5 in
(1), and noting from (1) and(7) that

��T� �
t1/2�T�

��n2�1/n (14)

corresponding experimental results are shown plot-
ted in Figure 1. In particular, it is quite reassuring
that the cold-crystallization results, limited to only
two sources,3,4 are in very good mutual agreement
despite the added difficulty of such measurements.

TABLE I
Experimental Investigations3–7 Related to Isothermal Crystallization of sPS

Source Ref. no. M� w M� w/M� n T (°C) n

Cimmino et al. (1991) 3 710K 3.1 125–140 2.97
240–250 3.31

St. Lawrence and Shinozaki (1997) 4 372K 122–132 (3.23, 3.36)
244–252 (2.69, 2.72)

Chiu et al. (2001) 5 356K 1.62 236–252 (3.7, 5.1)
Duff et al. (2001) 6 162K 238–252

292K 232–250 (2.36, 2.76)
400K 236–248

Chen et al. (2002) 7 220K 2.4 236–244 (1.1, 2.0)
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The dashed curve in Figure 1 is the corresponding
best fit of the cumulative data points based upon (10)
with

��min, Tmin, D� � �0.8293 s, 188.6°C, 24.66°C� (15)

which fits the points with a root-mean-square (rms)
deviation of 37.3%. In comparing the dashed curve

with the data points in Figure 1, it is noted that, other
than two points from Chen et al.,7 the only data points
lying below the dashed curve in Figure 1(b) are due to
Duff et al.6 Accordingly, the dashed curve seems to be
skewed by the latter data points. (Part of the reason
could be due to the fact that the open square data
points in Fig. 1 correspond to the lowest M� w of all the
resins in Table I. On the other hand, the 292K and
400K molecular-weight data points6 also lie generally
low relative to the dashed curve.) In particular, if we
omit all the data points from Duff et al.,6 the resulting
best fit based upon (10) corresponds to

��min, Tmin, D� � �0.7487 s, 187.8°C, 24.11°C� (16)

with an rms deviation of 27.2% for the cumulative data
points from the remaining four investigations.3–5,7

CONSTANT-COOLING-RATE
CRYSTALLIZATION RESULTS

Based upon the above values for (�min, Tmin, D) in (15)
and (16), we can plot results for �(T), related to the
Ozawa rate constant via (8), by making use of (11)–
(13). Such results are shown plotted in Figure 2.

Furthermore, if T1/2 denotes the temperature at
which � � 0.5 under constant-cooling rate �, then it
follows from (2) and (8) that

��T1/2� � ��n2�1/n� (17)

Hence, with �(T) known from Figure 2, we can make
use of (17) to then plot T1/2 versus �, which is indi-
cated in Figure 3, using n � 3 in (17). [It might be
noted that the factor (ln 2)1/n depends only weakly on

Figure 1 (a) Experimental results (symbols) for �(T) based
upon isothermal crystallization data for sPS from the five
sources listed in Table I. Dashed and solid curves are best
fits corresponding to (10, 15) and (10, 16), respectively, as
documented in text. (b) Expanded view of a portion of (a).

Figure 2 Curves for �(T) based upon (11)–(13) with dashed
curve corresponding to (15) and solid curve corresponding
to (16).
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n, changing by only 10% as n varies between 2 and 4.]
That is, for a given value of T1/2 in Figure 3, we
determine �(T1/2) from Figure 2 and then use (17) to
determine �, as then employed in Figure 3.

Also indicated in Figure 3 are experimental results
for T1/2 versus � from five sources in the litera-
ture,4,7–10 as documented in Table II. In particular, it is
noted that the nine data points (	) from Chiu et al.9

agree extremely well with the solid curve in Figure 3,
with an rms deviation of 0.5°C over the extensive
cooling-rate range of 1 to 80°C/min. On the other
hand, it is noted that the bulk of the remaining data in
Figure 3 lies systematically below the solid curve,
particularly at the higher cooling rates.

In addressing the above discrepancy, it is noted that
of the five experimental investigations4,7–10 reported in
Figure 3, only Chiu et al.9 corrected their data for the

effects of thermal lag. Although results for their own
experimentally determined thermal–lag correction are
not explicitly presented by Chiu et al.,9 one might refer
to earlier work by Monasse and Haudin,18 dealing
with polypropylene, in which the thermal–lag correc-
tion was determined experimentally and fitted with a
linear dependence upon cooling rate, namely

	Tcorr � C�, C � 0.107 min (18)

According to this result, the actual specimen temper-
ature would be higher than the instrument reading by
1.07°C at � � 10°C/min and by 10.7°C at � � 100°C/
min. In turn, such results are seen to be of the same
order of magnitude as the systematic deviation below
the solid curve of the uncorrected data8,4,10,7 in Figure
3. Accordingly, these results seem to dramatically in-
dicate the need to correct constant-cooling-rate DSC
data for thermal lag at the higher cooling rates. Fur-
thermore, by means of the solid curves in Figures 1
and 3, it follows that the isothermal data in Figure 1
are consistent with the constant-cooling-rate data in
Figure 3, when the latter are corrected for thermal lag.
In turn, it follows that the present modeling, with one
set of model constants [as given in eq. (16)], can de-
scribe both isothermal and constant-cooling-rate data
for sPS.

DISCUSSION

Although not included in the preceding section, it is
noted that St. Lawrence and Shinozaki4 also did cold-
crystallization measurements at a constant-heating
rate, namely � � �10°C/min, as indicated in Table II.
In this case, their experimental value for T1/2 is
138.1°C.

To apply the current fit to the constant-heating-rate
case, it is noted that the present proposed correlation
in terms of (3, 7, 10, 16) is symmetric with respect to
Tmin in (10). Hence, because the present correlation
given by the solid curve in Figure 3 gives a T1/2 at �
� 10°C/min of 235.5°C, i.e., T1/2 � Tmin � 235.5°C
� 187.8°C � 47.7°C, then T1/2 at � � �10°C/min will
occur at 47.7°C below Tmin, namely at 187.8°C

Figure 3 Results for T1/2 versus �. Solid and dashed curves
correspond to respective curves in Figure 2, making use of
(17) with n � 3. Symbols are experimental results for con-
stant-cooling-rate crystallization data for sPS from the five
sources listed in Table II.

TABLE II
Experimental Investigations8,4,9,10,7 Related to Nonisothermal Crystallization of sPS

Source Ref. no. M� w M� w/M� n � (°C/min)

Wesson (1994) 8 348K 10, 30, 50
562K 10, 30, 50
830K 10, 30, 50

St. Lawrence and Shinozaki (1997) 4 372K �10, 10
Chiu et al. (2000) 9 356K 1.62 1, 5, 7.5, 10, 15,

20, 30, 40, 80
Sudduth et al. (2002) 10 244K 20, 35, 50
Chen et al. (2002) 7 220K 2.4 2.5, 5, 10, 20, 40
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� 47.7°C � 140.1°C. It is seen that this result lies
within 2°C of the experimental value, which seems to
be quite reasonable.

Of course, if we correct the above experimental
value of 138.1°C for thermal lag, the actual value
should be lower, thus worsening the comparison with
the predicted value of 140.1°C. Making use of the
results at � � 10°C/min in Figure 3, as well as the
experimental findings of Monasse and Haudin18 as
given in (18), one might expect the thermal lag at �
� �10°C/min to be also 
 1°C. However, if one refers
to investigations19–22 that deal with modeling the ther-
mal lag in DSC measurements, there is reason to con-
clude that the thermal–lag effect will actually be
smaller in the constant heating mode. This is due to
the fact that part of the lag is due to the heat source
arising from the crystallization effect, which tends to
raise the actual temperature of the specimen and thus
actually diminishes the amount by which the speci-
men temperature lags behind the imposed furnace
temperature in the constant-heating-rate case.

It is also of interest to note that the present results
do agree quite well with the empiricism23 that the
maximum rate of crystallization occurs approximately
midway between Tg and Tm. Specifically, for PS we
have that Tg � 100°C,24 whereas for sPS, Tm � 270°C1

such that the average value of Tg and Tm is closely
approximated by the value of Tmin � 187.8°C in (16).

In summary, the present proposed correlation for
the crystallization kinetics of sPS is based upon the
Nakamura model, as defined by eqs. (3, 7, 10, 16) and
plotted as the solid curves in Figures 1–3 (using a
representative value for n of 3, in Fig. 3). For the
isothermal-crystallization results in Figure 1, the solid
curve is seen to fit the cumulative data from four of the
five sources quite well. As then applied to constant-
cooling-rate results in Figure 3, the solid curve is seen
to agree extremely well with the data of Chiu et al.9

over the extensive range of � between 1 and 80°C/
min. Whereas this data set was corrected for thermal–
lag effects, the other four sources of experimental re-
sults plotted in Figure 3 were not corrected for this
effect and thus lie systematically low, particularly at
the higher cooling rates. When combined with the
findings of Monasse and Haudin,18 the results in Fig-

ure 3 serve as a clear indication of the need to correct
constant-cooling-rate data for thermal–lag effects at
higher values of �. Furthermore, the combined results
in Figures 1 and 3 confirm the ability of the Nakamura
model (with one set of model constants) to describe
both isothermal and nonisothermal crystallization
data for sPS. In addition, in a manner similar to else-
where,14,17,25 the present results also imply that there
is no need to explicitly incorporate an induction time
into the modeling.
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